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Bernouui $B_{n}$ Bernouui $B_{n}(x)$ , $\overline{B}_{n}(x)=$
$B_{n}(x)(0\leqq x<1)$ , $\overline{B}_{n}(x+1)=\overline{B}_{n}(x)$ . , $\overline{B}_{1}(0)=0$ .
$S_{m+1}^{(r)}(h, k)$ $r=m=1$ Dedekind $s(h, k)$ , $m$ $0$
. , Carlitz [1] $m$ $c_{r}(h, k)$ .
$(h, k)=1$ $m$ $S_{m+1}^{(m)}(h, k)$ Apostol Dedekind $s_{m}(h, k)$ .
, $p$ $m$ $S_{m+1}^{(r)}(h, k)$ $p$
Dedekind $S_{m+1}^{(r)}(h, k)$ $p$ .
$S_{p,\alpha}(s;r, h, k)$ Apostol Dedekind Rosen $-$ Snyder [5]
.
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2\S \S 1. $S_{p,\alpha}(s;r, h, k)$
$p$ $Z_{p}$ $p$ , $Q_{p}$ $P$ . $p=2$
$q=4,$ $p>2$ $q=p$ . $q$ Teichm\"uler $\omega$ , $P$
$x\in Z_{p},$ $(x,p)=1$ $x=\omega(x)<x>,$ $<x>\in 1+qZ_{p}$ . $e$ $\omega$ ,
, $p=2$ $e=2,$ $p>2$ $e=p-1$ .
1 $\zeta$ Euler $E_{n}(()(n\geqq 0)$
$\frac{\zeta}{e^{t}-\zeta}=\sum_{n=0}^{\infty}E_{n}(()\frac{t^{n}}{n!}$ $(\zeta\neq 1)$ ; $E_{n}(1)= \frac{B_{n+1}}{n+1}$
. ,
(1.1) $k^{m}S_{m+1}^{(\tau)}(h, k)=(m+1-r)r \sum_{\zeta^{k}=1}E_{m-r}((h)E_{r-1}((-1),$ $m\geqq 3$ ,
$k(S_{2}^{(1)}(h, k)+ \frac{1}{4})=$
$\sum_{\iota_{=1},(}E_{0}(\zeta^{h})E_{0}((-1)$
[1]. , $\zeta$ $p$ ,
$\mu_{\zeta}(a+p^{N}Z_{p})=\frac{(^{p^{N}-a}}{1-(p^{N}}$ , $|\mu_{\zeta}(a+p^{N}Z_{p})|=1$ , $(0\leqq a\leqq p^{N}-1)$
$Z_{p}$
$\mu_{(}$ ,
(1.2) $\int_{Z_{p}}x^{n}d\mu_{\zeta}(x)=\lim_{Narrow\infty}\sum_{a=0}^{p^{N}-1}a^{n}\frac{\zeta^{p^{N}-a}}{1-\zeta^{p^{N}}}=E_{n}(\zeta)$, $n\geqq 0$
[2], [4]. $||$ $Q_{p}$ $C_{p}$ $|p|=p^{-1}$
, $|$ $|$ . $p$ ;
(13) $\int_{Z}tx^{n}d\mu_{(}(x)=E_{n}(()-p^{n}E_{n}((P),$ $n\geqq 0$
.
$S_{m+1}^{(r)}(h, k)$ $p$ $S_{p,a}(s;r, h, k)$ , , $(h, k)=1$
, $k=koP^{\nu},$ $(k0,P)=1,$ $\nu\geqq 0$ . $r$ $\geqq 1,$ $\alpha$ $0<\alpha\leqq e$
. $p^{\nu}$ $q$ , $c=1+p^{\overline{\nu}}$ .
2
3(1.1) $(h, k)=1$ .
, $p$ $\zeta$
$G_{p,\alpha}(s;r, ()= \int_{Z_{p}^{*}}\omega^{\alpha-1}(x)<x>^{s}\frac{1}{x^{f}}d\mu_{(}(x),$ $s\in Z_{p}$
. $Z_{p}$
(1.4) $G_{p,\alpha}(s;r, \zeta)=\sum_{n=0}^{\infty}c_{n,\tau}(()(s+1-r)^{n}$ ,
$c_{n,r}(()= \int_{Z_{p}^{*}}\omega^{\alpha-r}(x)\frac{(\log x)^{n}1}{n!x}d\mu_{\zeta}(x)$
( $\log$ $p$ ) . ,




$T_{p)\alpha}(s;r, h,p^{\mathcal{V}})=r \sum_{\zeta^{p^{\nu}}=1\eta}\sum_{\eta^{c}\overline{\overline{\neq}}1^{1}}G_{p,\alpha}(s;r, (h\eta)E_{\tau-1}(\zeta^{-1})$
,
(1.7) $U_{p,r}^{(\nu)}(s)= \sum_{n=0}^{\infty}u_{n}(s+1-r)^{n}$, $u_{n}=B_{n} \frac{(\log c)^{n-1}}{n!}$
. $P$ Dedekind $S_{p,\alpha}(s;r, h, k)$
(1.8) $S_{p},,(s;r, h, k)=\overline{S}_{p,\alpha}(s;r, h, k)+T_{p,\alpha}(s;r, h,p^{\nu})U_{p,\tau}^{(\nu)}(s)$
.
$m+1\equiv\alpha(mod e)$ $m\geqq r$
$G_{p,\alpha}(m;r, ()= \int_{Z_{p}^{s}}x^{m-r}d\mu_{\zeta}(x)=E_{m-r}(\zeta)-p^{m-r}E_{m-r}(\zeta^{p})$,
, $m\geqq r$ }
$U_{p,t}^{(\nu)}(m)= \frac{m+1-r}{c^{m+1-r}-1}$
. , $(1.5)-(1.8)$ ,
(19)
$\sum_{\xi^{k}=1}E_{n}((\xi)=k^{n+1}E_{n}(\zeta^{k}),$
$n\geqq 0$ , $k\geqq 1$ ,
(1.1) .
3
41. $(h, k)=1$ $h,$ $k(k\geqq 1)$ $r\geqq 1$ , $\alpha,$ $0<\alpha\leqq e$
$S_{p,\alpha}(s;r, h, k)$ $Z_{p}$ $p$ , $m+1\equiv\alpha(mod e)$ $m\geqq r$
(1.10) $S_{p,a}(m, r, h, k)=k^{m}S_{m+1}^{(r)}(h, k)-p^{m-r}k^{m}S_{m+1}^{(r)}(ph, k)$
.
. , $k=p^{\nu}$
$\overline{S}_{p,\alpha}(s;r, h,p^{\nu})=0$ ; $S_{p)\alpha}(s;r, h,p^{\nu})=T_{p,\alpha}(s;r, h,p^{\nu})U_{p)}^{(\nu_{r})}(s)$
. , , (1.8)
$S_{p)\alpha}(s;r, h, k)=\overline{S}_{p,a}(s;r, h, k)+S_{p,a}(s;r, h,p^{\nu})$
. , $(k, q)=1$ 2 $r$ Dedekind
$S_{p,\alpha}(s;r, h,p^{\nu})$ $0$ . , $S_{p,\alpha}(s;r, h, k)=$
$\overline{S}_{p,\alpha}(s;r, h, k)$ .
\S 2. $S_{p,\alpha}(s;r, h, k)$ (I)
, $S_{p,\alpha}(s;r,$ $h$ , $P$ .
, $s=r-1$
(2.1) $S_{p,a}(s;r, h, k)= \sum_{n=0}^{\infty}a_{n}(s+1-r)^{n}$
$a_{n}$ . , $\overline{S}_{p,\alpha}(s;r, h, k)$
$T_{p,\alpha}(s;r, h,p^{\nu})$
$\overline{S}_{p,\alpha}(s;r, h, k)=\sum_{n=0}^{\infty}\overline{a}_{n}(s+1-r)^{n}$ , $T_{p,a}(s;r, h,p^{\nu})= \sum_{n=0}^{\infty}t_{n}(s+1-r)^{n}$
. $S_{p,a}(s;r, h,p^{\nu})$
(2.2) $S_{p,\alpha}(s;r, h,p^{\nu})= \sum_{n=0}^{\infty}a_{n}’(s+1-r)^{n}$
4
5. $(1.4)-(1.8)$
(2.3) $a_{n}=\overline{a}_{n}+a_{n}’$ , $a_{n}’= \sum_{1=0}^{n}t;u_{n-i}$ , $n\geqq 0$ ,
(2.4) $\overline{a}_{0}=0$ ; $\overline{a}_{n}=r$
$\sum_{\zeta_{p^{\nu}}^{k}=1_{1},\zeta\neq}c_{n-1,r}(\zeta^{h})E_{r-1}(\zeta^{-1})$




. , (2.4), (2.5) . , $0<a<p^{\overline{\nu}},$ $(a,p)=$
1











, $n\geqq 1$ ,
$a\cong 1(mod 4)$ $(.\neq 1$
. ,
1. $p$ $\zeta$ $a+p^{\nu}Z_{p}(0\leqq a<p^{\nu})$ $f$
$\int_{a+p^{\nu}Z_{p}}f(x)d\mu_{\zeta}(x)=\zeta^{-a}\int_{Z_{p}}f(a+p^{\nu}x)d\mu_{\zeta^{p^{\nu}}}(x)$.
2. $\zeta$ $f$
$\int_{Z_{p}}$ $(x)d \mu_{\zeta}(x)=-\zeta\int_{Z_{p}}f(-1-x)d\mu_{\zeta}-1(x)$ .
(2.8) $E_{0}((-1)=-1-E_{0}(\zeta);$ $E_{r-1}(\zeta^{-1})=(-1)^{r}E_{r-1}(\zeta)$ , $r>1$
. (2.6), (2.7) :
5
61. $k=k0p^{\nu},$ $(k0, p)=1,$ $\nu\geqq 0$ $\overline{S}_{p,\alpha}(s;r, h, k)$ $\overline{a}_{n}$ ,
$(a)$ $| \overline{a}_{n}|\leq|\frac{rq^{n-1}p^{\nu}}{(n-1)!}|$ , $n\geqq 1$ ,




(2.5) . $0<a<p^{\overline{\nu}},$ $(a,p)=1$
$A_{n}^{(\overline{\nu})}(a)= \eta^{c}\overline{\overline{\neq}}1^{1}\sum_{\eta}\eta^{a}\int_{Z_{p}}\frac{(\log(a+p^{\overline{\nu}}x))^{n}}{a+p^{\overline{\nu}}x}d\mu_{\eta}(x)$
. , $\{x\}$ $x$ . .
2. $(h,p^{\nu})=1$ ,\alpha (s; $r,$ $h,p^{\nu}$ ) ,
$(a)$ $t_{n}= \frac{1}{n!}\sum_{a=1}^{p^{\overline{\nu}}-1}*\omega^{\alpha-r}(a)A_{n}^{(\overline{\nu})}(a)(p^{\nu})^{\tau}B_{r}(\{\frac{ha}{p^{\nu}}\})$ , $n\geq 0$ ,
$p=2$ , $\nu\geqq 1$ $r>1$
$(b)$ $t_{n}= \frac{2}{n!}$ $\sum_{a=1}^{2^{ff}-1}$ $A_{n}^{(\overline{\nu})}(a)(2^{\nu})^{r}B_{r}( \{\frac{ha}{2^{\nu}}\})$ , $n\geqq 0$ .
$a\equiv 1(mod.4)$
, 1, 2 ,
(29)
$k^{n}B_{n}( \{\frac{a}{k}\})=n\sum_{\zeta^{k}=1}E_{n-1}(()(a$
$n\geqq 1,$ $k\geqq 1$
.
, $A_{n}^{(\overline{\nu})}(a)$ .
3. (i) $A_{0}^{(\overline{\nu})}(a)= \frac{1}{p^{\overline{\nu}}}\log(1+p^{\overline{\nu}})$ .
$(\ddot{u})p>2$ , $A_{1}^{(\overline{\nu})}(a)\equiv\{\begin{array}{l}loga+3(l-\frac{1}{2}a)loga+\frac{p^{\overline{\nu}}}{2}(1-\frac{1}{a})\end{array}$ $(mod 3)_{+1}(mod p^{2_{\overline{\nu}}})$
,
$\text{ ^{}=}\text{ ^{}3}\text{ ^{}\overline{\nu}}$
.
$=1$ ,
(iii) , $A_{n}^{(\overline{\nu})}(a)\equiv(\log a)^{n}$ $(mod p^{\overline{\nu}}q^{n-1})$ , $n\geqq 1$ .
, $a\equiv b(mod \lambda)$ $|a-b|\leqq|\lambda|$
6
7. , $t_{n}$ $a_{n}’$ $\nu<\overline{\nu}$ $r$
( ). , $ord_{p}(x)$ $ord_{p}(p)=1$
, $\nu=0$ $\theta=ord_{p}(B_{f})$ , $\nu\geqq 1$ $\theta=0$ .
,
$\sum_{a=0}^{q-1}\frac{\omega^{f}(a)te^{at}}{e^{ql}-1}=\sum_{n=0}^{\infty}B_{n,\omega^{r\frac{t^{n}}{n!}}}$
Bernouffi $B_{n,\omega^{r}}$ . 3 2 ,
, $T_{p,\alpha}(s;r, h,p^{\nu})$ :
2 3 (i) ,
3. (i) $\nu=0$ ,
$t_{0}=\{\begin{array}{l}(1-\frac{1}{p})B_{r}log(l+q),r\equiv\alpha(mode)0,r\not\equiv\alpha(mode)\end{array}$
$(\ddot{u})\nu\geqq 1$ ( $p=2,$ $\nu=1$ $r$ : ) ,
$t_{0}=\{\begin{array}{l}(1-p^{\tau-1})B_{r}log(1+p^{\overline{\nu}})\omega^{r-\alpha}(h)B_{r,t\nu^{\alpha-r}}log(1+p^{\nu})\end{array}$ $r\not\equiv\alpha(mod e)r\equiv\alpha(mod e).$
’
2, 3 3 $(\ddot{u}i)$ ,
4. (i) $p=2,$ $\nu=0,1,2$ $p>2,$ $\nu=0,1$ , $|t_{n}| \leqq|\frac{2q^{n}p^{\theta}}{n!}|$ , $n\geqq 0$ ,
$(\ddot{u})p=2,$ $\nu=3$ , $|t_{n}|=| \frac{2q^{n}}{n!}|$ , $n\geqq 1$ ,
$(\ddot{u}i)p=2,$ $\nu\geqq 4$ $p>2,$ $\nu\geqq 2,$ $\alpha=e$ ,
$n!t_{n}\equiv-h^{f}p^{\nu-1}q^{n}B_{n}$ $(mod p^{\nu-1}q^{n})$ , $n\geqq 0$ ,
(iv) $p>2,$ $\nu\geqq 2,$ $\alpha\neq e$ , $|t_{n}| \leqq|\frac{p^{\nu-1+n}}{n!}|$ , $n\geqq 0$ .
, $|t_{1}|$ , 2 3 (ii) ,
7
85. $p\geqq 5$ ( $\nu=0$ $r$ : ). ,




G) $\nu=1$ , $t_{1}\equiv\{\begin{array}{l}h^{r}p(W_{p,e}-\frac{1}{2})(modp^{2})h^{f}pW_{p,\alpha}(modp^{2})\end{array}$ $\alpha=e\alpha\neq e’$
,





. , $\alpha_{1}$ $0<\alpha_{1}\leqq e,$ $\alpha_{1}\equiv\alpha-r(mod e)$ .
6. $p=3$ ,
(i) $\nu=0$ ( $r$ : ) , $t_{1}\equiv-1$ $(mod 3)$ ,
$(\ddot{u})\nu=1$ , $t_{1}\equiv 3h^{r}$ $(mod 3^{2})$ ,
$(i\ddot{u})\nu\geqq 2$ , $t_{1}\equiv 3^{\nu}rh^{f}$ $(mod 3^{\nu+1})$ .
3 $\Gamma$ [6].
(2.3) $a_{0}$ $|a_{n}|,$ $n\geqq 1$ . 4
$|a_{n}’|=| \sum_{1=0}^{n}t_{n-:}u_{i}|$ , $p>2$ , $|a_{n}’|$ .
7. $p>2$ , (i) $\nu=0,1$ ,
$|a_{n}’|\leqq|p^{n-1+\theta}|$ , $0\leqq n<e$ ; $|a_{n}’| \leqq|\frac{p^{n-2+\theta}}{n!}|$ , $e\leqq n$ .
( $p=3$ , $|a_{3}’|\leqq|3^{1+\theta}|$ . )
(ii) $\nu\geqq 2$ ,
8
9$n!a_{n}’\equiv-h^{f}p^{n-1}B_{n}$ $(mod p^{n-1})$ , $n\geqq 0$ , $\alpha=e$ ,
$|a_{n}’| \leq|\frac{p^{n-1}}{n!}|$ , $n\geqq 0$ , $\alpha\neq e$ .
, 3, 5, 6 $|a_{1}’|$ ( $|a_{2}’|$ ) 1 $|\overline{a}_{n}|$
$|a_{n}|$ .
\S \S 3. $S_{p,\alpha}(s;r, h, k)$ (II)
$S_{p,\alpha}(s;r, h, k)$ $S_{m+1}^{(r)}(h, k)$
. $p\geq 5$ .-
2. (i) $P\geqq 5,$ $k\not\equiv 0(mod p)$ ,
$a_{0}=\{\begin{array}{l}(1-\frac{l}{p})B_{t},r\equiv\alpha(mode)0,r\not\equiv\alpha(mode)\end{array}$
$a_{1} \equiv-\frac{1}{p}W_{p},,$. $(mod p^{0})$ , $1a_{2}|\leqq 1$ , la., $| \leqq|\frac{p^{n-3}}{n!}|$ $(n\geqq 3)$ , $r\equiv 0(mod e)$ ,
$|a_{1}|\leqq|r|$ , $|a_{2}|\leqq|rp|$ , $|a_{n}| \leqq|\frac{rp^{n-2}}{n!}|$ $(n\geqq 3)$ , $r\not\equiv 0(mod e)$ .




$a_{1}\equiv h^{f}W_{p,\alpha}(mod p)$ , $|a_{2}|\leqq|p|$ , $|a_{n}| \leqq|\frac{p^{n-2}}{n!}|$ $(n\geqq 3)$ .
, 2, .3 . $m+1\not\equiv 0(mod e)$ $m\geq 1$ ,
$m+1\equiv\alpha(mod e)$ $\alpha$ . $k\equiv 0(mod p)$ ,




. , $|S_{m+1}^{(r)}(h, k_{0})|\leqq|1/p|(m\geqq 3)$ $|S_{2}^{(1)}(h, k_{0})|\leqq 1$ , 1 ,
$\nu=ord_{p}(k)(\geqq 1)$
$S_{p,\alpha}(m;r, h, k)=k^{m}S_{m+1}^{(r)}(h, k)-p^{m}(k/p)^{m}S_{m+1}^{(r)}(h, k/p)\equiv k^{m}S_{m+1}^{(f)}(h, k)$ $(mod p)$
. , .
1. $p\geqq 5,$ $k\equiv 0(mod p)$ $m+1\not\equiv 0(mod e)$ $m$
$k^{m}S_{m+1}^{(r)}(h, k)\equiv h$‘ $\frac{B_{m+1}}{m+1}(. (h^{-(m+1)}-1)+m+1)$ $(mod p)$ , $1\leqq r\leqq m$ .
.
2. $p\geqq 5$ , $k\equiv 0(mod p)$ , $m+1\equiv 0(mod e)$
$k^{m}S_{m+1}^{(r)}(h, k)\equiv h^{p}$‘ $(1- \frac{1}{p}+W_{p,e}(m+1))$ $(mod p)$ , $1\leqq r\leqq m$ .
[3] .
(3.1) $B_{r,\omega^{-r}} \equiv 1-\frac{1}{p}.+W_{p,e}r$ $(mod p^{1+ord_{P}(f)})$ , $r\geqq 1$ .
$S_{p,\alpha}(s;r, h, k)$ , $p\geqq 5$
$r\equiv 0(mod e)$ $k\equiv 0(mod p)$ , $s,$ $t\in Z_{p}$ , $W_{p,\alpha}$ $p$
(3.2) $|S_{p,\alpha}(s;r, h, k)-S_{p,a}(t;r, h, k)|\leqq|p^{1+\theta}||s-t|$ , , $=|p^{\theta}||s-t|$
. $k\not\equiv 0(mod p),$ $r\not\equiv 0(mod e)$ , $r^{-1}a_{1}\equiv 0(mod p)$
(3.2) $\theta$ $ord_{p}(r)$ . ,
.
8. $P\geqq 5$ , $k\not\equiv 0(mod p)$ . $1\leqq r<m$ , $m\equiv r(mod e)$ ,
, $1<r\equiv 1(mod e)$ , $p\equiv 1(mod k)$




3. (i) $p=3,$ $r$ : , $k\not\equiv 0(mod 3)$ ,
$a_{0}= \frac{2}{3}B_{f}$ , $|a_{1}|\leqq 1$ , $a_{2} \equiv\frac{1}{3}(mod 3^{0})$ , $|a_{3}|\leq 1$ , $|a_{n}| \leqq|\frac{3^{n-3}}{n!}|(n\geqq 4)$ ,





$a_{2}\equiv-h$‘ $(mod 3)$ , $|a_{3}|\leqq|3|$ , $|a_{n}| \leqq|\frac{3^{n-2}}{n!}|$ $(n\geqq 4)$ .
$S_{3,\alpha}(s;r, h, k)$ , $s,$ $t\in Z_{3}$ , $\nu=0,1$ $s+t\in$
$(1-r)+3Z_{3}$ , , $\nu\geqq 2$ $s+t\in 1+3Z_{3}$ (3.2) ,
, . $(k, 3)=1$ $r$ $p\geqq 5$ .
$p=2$
, $(k, 2)=1$ $S_{m^{f}+1}^{()}(h, k)$ 1 .
, $D_{m}^{(r)}(h, k)= \frac{1}{(m+1-r)r}k^{m}S_{m+1}^{(f)}(h, k)$ . , $(k, 2)=1$
, $k\equiv\pm 1(mod 4)$ ,
$Q(h, k)=2 \sum_{j=0}^{k-1}j\{\frac{(4j+1)h}{k}\}-\frac{(k-1)^{2}}{2}+\frac{1\mp k}{4}$
. $(h, k)=1$ , $h^{*}$ $hh^{*}\equiv 1(mod k)$ 1 ,
.
9. $(h, k)=1$ , $(k, 2)=(r, 2)=1$ , $m\geqq 3$
$D_{m}^{(1)}(h, k)\equiv Q(h, k)$ $(mod 4)$ , $D_{m}^{(m)}(h, k)\equiv Q(h^{*}, k)$ $(mod 4)$ ,
$D_{m}^{(r)}(h, k)\equiv Q(h, k)+Q(h^{*}, k)$ $(mod 8)$ , $3\leqq r\leqq m-2$ .
, H. Lang (Acta Arith., 51. (1988)) : $(h, k)=$
11
12
$(k, 2)=(r, 2)=1$ , $m\geqq 3$
$S_{m+1}^{(1)}(h, k) \equiv S_{m+1}^{(m)}(h, k)\equiv\frac{k^{2}-1}{8}$ $(mod 2)$ ,
$S_{m+1}^{(r)}(h, k)\equiv 0$ $(mod 2)$ , $3\leqq r\leq m-2$
.
$(k_{0},2)=(r, 2)=1$
$S_{2,\alpha}(s;r, h, 2k_{0})=2S_{2,\alpha}(s;r, h, k_{0})-2^{r}S_{2,\alpha}(s;r, 2^{*}h, k_{0})$, $22^{*}\equiv 1(mod k_{0})$
, $S_{m+1}^{(r)}(h, 2k_{0}),$ $(h, 2k_{0})=(r, 2)=1$ .
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